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a b s t r a c t
A cubic trigonometric Bézier curve analogous to the cubic Bézier curve, with two shape
parameters, is presented in thiswork. The shape of the curve can be adjusted by altering the
values of shape parameters while the control polygon is kept unchanged. With the shape
parameters, the cubic trigonometric Bézier curves can be made close to the cubic Bézier
curves or closer to the given control polygon than the cubic Bézier curves. The ellipses can
be represented exactly using cubic trigonometric Bézier curves.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The importance of trigonometric polynomials in different areas, such as electronics or medicine, is well known [1]. It
is surprising, however, that the corresponding curves have not received much attention in Computer Aided Geometric
Design (CAGD) for a long time. Recently, trigonometric splines and polynomials have gained very much interest within
CAGD, in particular curve design; see [2–12], and the references therein. It is well known that Bézier curves, particular the
quadratic and cubic Bézier curves, have gainedwidespread application. The purpose of this work is to present practical cubic
trigonometric Bézier curves, analogous to the cubic Bézier curves, with two shape parameters.
The trigonometric B-splines were introduced in [9], and the recurrence relation for the trigonometric B-splines of
arbitrary order was established in [6]. It was further shown in [11] that the trigonometric B-splines of odd order form
a partition of a constant in the case of equidistant knots, and therefore the corresponding trigonometric B-spline curve
possesses the convex hull property. Recently, cubic trigonometric polynomial curveswith a shape parameterwere presented
in [3]. However, up to now, cubic trigonometric polynomial curves like those of Bézier type have not been studied. In this
work, the cubic trigonometric Bézier curves with two shape parameters are presented.
The present work is organized as follows. In Section 2, the basis functions, with two shape parameters, of the cubic
trigonometric Bézier curves are established and the properties of the basis functions are shown. In Section 3, the cubic
trigonometric Bézier curves are given and some properties are discussed. The figures of the curves effected by the shape
parameters are given. In Section 4, the property of representation of ellipses is also illustrated. Some relations of the cubic
trigonometric Bézier curves and the cubic Bézier curves corresponding to their control polygon are shown in Section 5.
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Fig. 2.1. The cubic trigonometric basis function.
2. Cubic trigonometric Bézier basis function
Firstly, the definition of cubic trigonometric Bézier (i.e. T-Bézier) basis functions is given as follows.
Definition 2.1. For two arbitrarily selected real values of λ and µ, where λ,µ ∈ [−2, 1], the following four functions of
t (t ∈ [0, 1]) are defined as cubic trigonometric Bézier (i.e. T-Bézier) basis functions with two shape parameters λ and µ:
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(2.1)
For λ = µ = 0, the basis functions are quadratic trigonometric polynomials. For λµ 6= 0, the basis functions are cubic
trigonometric polynomials.
Theorem 2.1. The basis functions (2.1) have the following properties:
(a) Nonnegativity: bi(t) ≥ 0, i = 0, 1, 2, 3.
(b) Partition of unity:
∑3
i=0 bi(t) ≡ 1.
(c) Monotonicity: For a given parameter t, b0(t) and b3(t) are monotonically decreasing for shape parameters λ and µ,
respectively; b1(t) and b2(t) are monotonically increasing for shape parameters λ and µ, respectively.
(d) Symmetry: bi(t; λ,µ) = b3−i(1− t;µ, λ), for i = 0, 1, 2, 3.
Proof. (a) For t ∈ [0, 1] and λ,µ ∈ [−2, 1], then 1− sin pi2 t ≥ 0, 1− cos pi2 t ≥ 0, sin pi2 t ≥ 0, cos pi2 t ≥ 0, 1− λ sin pi2 t ≥ 0,
2+ λ− λ sin pi2 t ≥ 0, 2+ µ− µ cos pi2 t ≥ 0 and 1− µ cos pi2 t ≥ 0. It is obvious that bi(t) ≥ 0, i = 0, 1, 2, 3.
(b)
∑3
i=0 bi(t) = (1− sin pi2 t)2 + 2 sin pi2 t(1− sin pi2 t)+ 2 cos pi2 t(1− cos pi2 t)+ (1− cos pi2 t)2 ≡ 1.
The remaining cases follow obviously. 
Fig. 2.1 shows the curves of the trigonometric polynomial basis functions for λ = −2, µ = 1 (dashed lines), for λ = −1,
µ = −1 (solid lines) and for λ = 1, µ = −2 (dotted lines).
3. Cubic trigonometric Bézier curve
3.1. Construction of the T-Bézier curve
Definition 3.1. Given points Pi(i = 0, 1, 2, 3) in R2 or R3, then
r(t) =
3∑
i=0
Pibi(t), t ∈ [0, 1], λ, µ ∈ [−2, 1] (3.1)
is called a cubic trigonometric Bézier curve with two shape parameters, i.e. the T-Bézier curve for short.
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Fig. 3.2. The effect on the shape of T-Bézier curves of altering the value of λ.
From the definition of the basis function some properties of the T-Bézier curve can be obtained as follows:
Theorem 3.1. The cubic T-Bézier curves (3.1) have the following properties:
(a) Terminal properties :
r(0) = P0, r(1) = p3 (3.2)
r ′(0) = pi
2
(2+ λ)(P1 − P0)
r ′(1) = pi
2
(2+ µ)(P3 − P2)
(3.3)
r ′′(0) = pi
2
2
[(2λ+ 1)(P1 − P0)+ (P2 − P1)]
r ′′(1) = pi
2
2
[(2µ+ 1)(P3 − P2)+ (P2 − P1)]
(3.4)
r ′′′(0) = pi
3
8
(5λ− 2)(P1 − P0)
r ′′′(1) = pi
3
8
(5µ− 2)(P3 − P2).
(3.5)
(b) Symmetry: P0, P1, P2, P3 and P3, P2, P1, P0 define the same T-Bézier curve in different parametrizations, i.e.,
r(t; λ,µ; P0, P1, P2, P3) = r(1− t;µ, λ; P3, P2, P1, P0) 0 ≤ t ≤ 1, − 2 ≤ λ, µ ≤ 1. (3.6)
(c) Geometric invariance: The shape of a T-Bézier curve is independent of the choice of coordinates, i.e. (3.1) satisfies the
following two equations:
r(t; λ,µ; P0 + q, P1 + q, P2 + q, P3 + q) = r(t; λ,µ; P0, P1, P2, P3)+ q
r(t; λ,µ; P0 ∗ T , P1 ∗ T , P2 ∗ T , P3 ∗ T ) = r(t; λ,µ; P0, P1, P2, P3) ∗ T
0 ≤ t ≤ 1,−2 ≤ λ,µ ≤ 1
(3.7)
where q is an arbitrary vector in R2 or R3, and T is an arbitrary d× d matrix, d = 2 or 3.
(d) Convex hull property: The entire T-Bézier curve segment must lie inside its control polygon spanned by P0, P1, P2, P3.
3.2. Shape control of the T-Bézier curve
For t ∈ (0, 1), we rewrite (3.1) as follows:
r(t) =
3∑
i=0
Pici(t)+ λ sin pi2 t
(
1− sin pi
2
t
)2
(P1 − P0)+ µ cos pi2 t
(
1− cos pi
2
t
)2
(P3 − P2) (3.8)
where c0(t) = (1− sin pi2 t)2, c1(t) = 2 sin pi2 t(1− sin pi2 t), c2(t) = 2 cos pi2 t(1− cos pi2 t), c3(t) = (1− cos pi2 t)2.
Obviously, shape parameters λ and µ only affect curves on the control edge P1 − P0 and P3 − P2 respectively. In fact,
from (3.8), we can also predict the following behavior of the curves.
The shape parameters λ andµ serve to effect local control in the curves: as λ increases, the curve moves in the direction
of the edge P1 − P0; as λ decreases, the curve moves in the opposite direction to the edge P1 − P0. The same effects on the
edge P3 − P2 are produced by the shape parameter µ. As the shape parameters λ = µ, the curve moves in the direction of
or the opposite direction to the edge P2 − P1 when λ increases or decreases.
The effect of the shape parameters of the T-Bézier curves (3.1) is clear. Figs. 3.2 and 3.3 show the effects on shape of the
curve of altering the values of λ and µ respectively.
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Fig. 3.3. The effect on the shape of T-Bézier curves of altering the value of µ.
Fig. 3.4. The T-Bézier curves with different shape parameters (flower).
In Fig. 3.2, the curves are generated by changing λ to λ = 0 (solid lines), λ = −1 (dashed lines), λ = −2 (dotted lines)
and λ = 1 (dash–dotted lines), and setting µ = 0.
In Fig. 3.3, the curves are generated by changing µ to µ = 0 (solid lines), µ = −1 (dashed lines), µ = −2 (dotted lines)
and µ = 1 (dash–dotted lines), and setting λ = 0.5.
In order to construct a closed T-Bézier curve,we can setPn = P0. Fig. 3.4 shows closed T-Bézier curves and the global effect
on the curves of altering the values of the shape parameters λ andµ at the same time. The T-Bézier curves are generated by
setting λ = −1.6, µ = 0.8 (solid lines), λ = 1, µ = −1.8 (dashed lines), λ = 1, µ = −1 (dotted lines) and λ = −1, µ = 1
(dash–dotted lines).
3.3. The representation of ellipses
Theorem 3.2. Let P0, P1, P2 and P3 be four control points on an ellipse with semiaxes a and b; by proper selection of coordinates,
their coordinates can be written in the form
P0 =
(
a
0
)
, P1 =
(
a
b
2
)
, P2 =
( a
2
b
)
, P3 =
(
0
b
)
. (3.9)
Then the corresponding T-Bézier curve with the shape parameters λ = µ = 0 and local domain t ∈ [t1, t2] represents an arc of
an ellipse with
rx(t) = a cos pi2 t, ry(t) = b sin
pi
2
t (3.10)
where 0 ≤ t1, t2 ≤ 4.
Proof. If we take P0 =
(
a
0
)
, P1 =
(
a
b
2
)
, P2 =
( a
2
b
)
, P3 =
(
0
b
)
into (3.1), then the coordinates of the T-Bézier curve are
x(t) = a cos pi
2
t,
y(t) = b sin pi
2
t.
This gives the intrinsic equation( x
a
)2 + (y
b
)2 = 1.
It is an equation of an ellipse. 
Remark. In (3.10), if t1 = 0 and t2 = 4, (3.10) represents a whole ellipse. If t1 = 2θ1pi and t2 = 2θ2pi , (3.10) represents an arc
of an ellipse for which θ1 is a starting angle and θ2 is a ending angle.
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Fig. 3.5. The representation of ellipses with T-Bézier curves.
Fig. 3.5 shows the representation of ellipses with T-Bézier curves, where (θ1, θ2) = (0, pi2 ) (left) and (θ1, θ2) = ( pi10 , 2pi5 )
(right).
4. Approximability
Control polygons provide an important tool in geometric modeling. It is an advantage if the curve being modeled tends
to preserve the shape of its control polygon.
Nowwe show some relations of the T-Bézier curves and the cubic Bézier curves corresponding to their control polygons.
Theorem 4.1. Suppose P0, P1, P2 and P3 are not collinear; the relationships between T-Bézier curve r(t) (3.1) and the cubic
Bézier curve B(t) =∑3i=0 Pi (3i) (1− t)3−it i with the same control points Pi (i = 0, 1, 2, 3) are as follows:
r(0) = B(0), r(1) = B(1)
r
(
1
2
)
− P∗ ≤ h(λ, µ)
(
B
(
1
2
)
− P∗
)
(4.1)
where P∗ = 12 (P1 + P2), h(λ, µ) = maxλ,µ∈[−2,1]{2−
√
2λ, 2−√2µ}.
Proof. According to simple computation, then
r(0) = P0 = B(0), r(1) = P3 = B(1)
and
B
(
1
2
)
− P∗ = 1
8
(P0 − P1 − P2 + P3) (4.2)
and according to (4.2),
r
(
1
2
)
− P∗ = 1
4
(3− 2√2)(2−√2λ)(P0 − P1)+ 14 (3− 2
√
2)(2−√2µ)(P3 − P2)
≤ 1
8
max
λ,µ∈[−2,1]
{2−√2λ, 2−√2µ}(P0 − P1 − P2 + P3)
= h(λ, µ)
(
B
(
1
2
)
− P∗
)
.
Then (4.1) holds. 
From Figs. 3.2 and 3.4, we can see that the T-Bézier curve is closer to the given control polygon than the cubic Bézier
curve for some λ and µ. According to (4.1), this fact is shown as follows.
Corollary 4.1. The T-Bézier curve is closer to the control polygon than the cubic Bézier curve if and only if
√
2
4 − 1 < λ ≤ 1 and√
2
4 − 1 < µ ≤ 1.
Corollary 4.2. When λ = µ =
√
2
4 − 1, the T-Bézier curve is close to the cubic Bézier curve, i.e. r( 12 ) = B( 12 ).
Fig. 4.6 shows the relations between the T-Bézier curves and the cubic Bézier curves.
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Fig. 4.6. The relationships between the T-Bézier curves and the cubic Bézier curves.
5. Conclusion
As mentioned above, T-Bézier curves have all the properties that cubic Bézier curves have. However, they can deal
precisely with circular arcs, cylinders, cones, and tori, etc., which can only be approximated by cubic curves. Also, because
there is nearly no difference in structure between a T-Bézier curve and a cubic Bézier curve, it is not difficult to adapt a
T-Bézier curve to a CAD/CAM system that already uses the cubic Bézier curves.
For practical applications of T-Bézier curves, it is clear that we need some special algorithm. Some interesting results in
this area have been obtained, and they will be discussed in a following paper.
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